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Motivated by recent experiments in trapped Fermi gas with spin population imbalance, we discuss
the effects of the quantum and thermal fluctuations of the interface between a fully paired super-
fluid core and a fully polarized Fermi gas. We demonstrate that even if there is no true partially
polarized thermodynamic phase in bulk, the interface fluctuation can give rise to a partially polar-
ized transition regime in trap. Our theory yields a definite prediction for the functional forms of
the spatial profile of spin polarization and pairing gap, and we show that the spin-resolved density
profiles measured by both the MIT and Rice groups obey this function form. We also show that
sufficient large fluctuation will lead to a visibly unequal density even at the center of the cloud. We
hope this picture can shed lights on the controversial discrepancies in recent experiments.
Phase separation is an ubiquitous natural phe-
nomenon. Its root is first order phase transition. For
example, as a function of temperature (T ) and mag-
netic field (H), an easy-axis ferromagnet phase sepa-
rates into two oppositely magnetized phases when (T,H)
are fined tuned to the boundary of the first-order tran-
sition (H = 0, T = Tc). On the other hand, as long as
T < Tc phase separation occurs without needing fine tun-
ing when the magnetization, rather than magnetic field,
is fixed. In the presence of phase separation the dynamics
of the interface determines the low energy/temperature
physical properties of the system. Recently experiments
of ultracold Fermi gases near Feshbach resonance once
again reveal phase separation phenomenon[1, 2, 3]. In
these experiments, an external-imposed spin population
imbalance frustrates the strong pairing interaction due to
Feshbach resonance. As a result, the system phase sepa-
rates into a core of superfluid with equal spin population
and a shell of excess unpaired fermions.
Although similar phenomena were observed, there are
important difference between the findings of two major
experimental groups at MIT and Rice University. Let
N↑,↓ represent the number of spin up/down atoms, and
P = (N↑ −N↓)/(N↑ +N↓) be the population imbalance.
Here are the highlight of the differences. The MIT group
finds (i) for small P , the spin-resolved density profile ex-
hibits three regions: a superfluid core with n↑ = n↓, a
partially polarized (PP) shell with n↑ > n↓ > 0 and a
fully polarized region with n↓ = 0. The width of the PP
shell is as wide as the other two regions (see Fig.5(a) of
Ref.[2]). (ii) The interfaces between different regions al-
ways follow the equal potential contour as predicted by
theories using local density approximation. (iii) As P
exceeds a critical value Pc ∼ 70%, the equal density core
disappears and also the condensation fraction vanishes,
which is referred to as the Chandrasckhar-Clogston (CC)
limit of superfluidity.[2] In contrast, the Rice group finds
(i) the width of the PP region is much narrower than the
width of other two regions (see Fig.3(b) of Ref.([3])). (ii)
At large P the interface does not follow the equal poten-
tial contour. (iii) The equal density core exists up to the
highest P studied (∼ 95%), and there is no sign of CC
limit.[3] One can expect the explanation of these discrep-
ancies to shed light on a number of fundamental issues
of this problem. For examples, what is the nature of the
PP region, does it reveal a true quantum phase of the
system, and what controls its width; does the CC limit
for superfluidity exists, and if so, what is the mechanism.
These experiments have stimulated much theoretical
discussions in the literature. Most of the existing the-
ories assume the system to follow the confining poten-
tial adiabatically, so that locally it corresponds to a bulk
phase with the chemical potential µ↑,↓ = µ0↑,↓ − V (r),
where µ0↑,↓ is a spin-dependent constant and V (r) is the
trapping potential. The issue at hand is whether the PP
state is a stable bulk phase near Feshbach resonance. By
comparing mean-field energies, many authors predicted a
narrow window of PP phase in the bulk phase diagram[6].
However due to the approximate nature of the treatment,
and the fact that even in mean-field theory the energy
difference between different phases is tiny, it is hard to
FIG. 1: Schematic of the interface flucuation. The dashing
line is the static location of the interface which separates a
fully paired superfluid phase and a fully polarized fermi gas.
The solid line sketches an example of surface mode which
distorts the interface.
2know whether such a PP bulk phase really exists or not.
In the following we make a bold assumption: the PP re-
gion found in experiments is not a true phase, rather it is
due to the fluctuations of the interface between the equal-
population superfluid and the fully polarized phase. Our
assumption implies that, for interaction strength rele-
vant to the experimental systems, there is a direct zero-
temperature first order transition between the superfluid
and the fully polarized phases as a function of the Zeeman
field. Our proposal is motivated by two recent develop-
ments. (i) Recently the MIT group found the presence
of a full pairing gap in the PP state at P > Pc where
the superfluidity is destroyed[4]. This contradicts theo-
ries which attribute the CC limit to depairing[5]. (ii) The
importance of interface physics is highlighted by recent
theoretical works which attribute the deformation of the
interface from the equal potential surface to the existence
of finite surface tension[7, 8]. Of course, interface physics
involves not only statics but also dynamics .
In the rest of the paper we analyze the effect of har-
monic interface fluctuations between the superfluid and
the fully polarized phase. In Fig.1 we illustrate a snap
shot of an allowed interface deformation where the en-
closed volume is kept fixed. Surface fluctuations have
been studied in early days of atomic BEC and fermion
superfluid with equal population[9]. However since the
system is consisted of only one single phase, such fluc-
tuation is less important as it only affects the low den-
sity region at the edge of the cloud. In comparison the
effects of interface fluctuation are far more pronounced
here which lead to a very precise and universal profile of
spin polarization and superfluid order parameter across
the two phases.
Here are how we describe the interface. i) Motivated
by the experimental facts[2, 3], we assume the equilib-
rium interface S is a closed two-dimensional surface with
cylindrical symmetry:
S = {(x, y, z) : x2 + y2 + ǫ2(z)z2 = a2}. (1)
Here ǫ(z) is an even function, its value is unity for z = 0,
and decreases monotonically to a/z0 < 1 as z approaches
±z0, the north and south poles of S. In the following
we shall use z and the azimuthal angle φ as the co-
ordinates for S, so that x =
√
a2 − ǫ2(z)z2 cosφ, y =√
a2 − ǫ2(z)z2 sinφ, z = z. It should be apparent that
this is a locally orthogonal coordination, i.e., ds2 =
gφ(z)dφ
2 + gz(z)dz
2. (ii) We describe the fluctuation
of the interface from its equilibrium shape by a har-
monic quantum elastic model. Let u(z, φ, t) be the time-
dependent normal displacement of the interface from its
equilibrium position, the Lagrangian of our model reads
L =
∫
S
dφdz
√
gφgz
[m
2
u˙2 − V (z)
2
u2 −
∑
µ=φ,z
(∂µu)
2
2gµ
]
, (2)
where m is an introduced phenomenological parameter.
The normal modes of the interface fluctuation obey the
following differential equation
1√
gφgz
∂z
(√
gφ
gz
∂zuα
)
+
∂2φuα
gφ
− V (z)uα = −mω2αuα,(3)
where ωα is the normal mode frequency. In later analysis
we shall expand u(z, φ, t) in terms of the normal modes :
u(z, φ, t) =
∑
α
′
Aα(t)uα(z, φ). (4)
Note that all quantities in the above equation are real.
In Eq. (4) the sum excludes the “breathing” mode, the
mode whose associated distortion does not conserve the
enclosed volume. Interestingly, despite the presence of
gφ(z) and gz(z) in Eq. (2) and Eq. (3), the functional
form of the interface profile can be determined exactly
along special directions such as the z-axis[3] and any ra-
dial direction in the z = 0 plane[2].
For example, as the main result of this paper, we ob-
tain the following function form for the spin polarization
M = n↑ − n↓ and the pairing gap profiles along a high
symmetry radial direction (tˆ):
M(r, tˆ) =
1
2
[
1 + Erf
(
r − r0(tˆ)
ξ(tˆ)
)]
np(r, tˆ)
∆(r, tˆ) =
1
2
[
1− Erf
(
r − r0(tˆ)
ξ(tˆ)
)]
∆s(r, tˆ). (5)
Here Erf(x) is the error function, np(r, tˆ) is the density
profile of a fully polarized Fermi gas, and ∆s(r, tˆ) is the
pairing gap profile of the fully-paired superfluid, along
the same direction in the same trap. In particular we
use[11]
np(r, tˆ) = n0[ 1− (r/R(tˆ))2 ]3/2
∆s(r, tˆ) = ∆0[ 1− (r/R(tˆ))2 ]. (6)
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FIG. 2: Plots of Eq. (5) and Eq. (6) for different choices of
ξ/R. We have use r0/R = 0.3 for all curves. ξ/R = 0.03
for green line, ξ/R = 0.1 for blue line and ξ/R = 0.2 for red
line. The black dashing lines are the profiles without interface
fluctuation, which exhibit discontinuity.
3The superfluid requires equal central densities in the
strongly interacting regime at our coldest temperatures.
normal imbalanced Fermi mixture will hav unequal
densities. Thus, one should xpect that visible change
in the density difference occurs as the temperature is
lowered across the normal-to-superfluid phase transition
]. In situ phase-contrast images of cloud at arious
temperatures are shown in Fig. The temperature of the
cloud is controlled with the final alue of the trap depth in
the aporation process. The shell structure appears and
becomes prominent when decreases belo certain
critical alue. This shell structure gives rise to the bimodal
density profile of the minority component that we observed
after expansion from the trap in our recent work ]. Here
we sho via in situ measurements that the onset of super
fluidity is accompanied by pronounced change in the
spatial density difference.
The phase transition is characterized in Fig. is
lowered, gradually decreases from its plateau alue and
the condensate fraction starts to increase. From the point of
condensation (condensate fraction 1% and deformation
of the minority clouds in Fig. 7(b)], we determine the
critical temperature 13 for the imbalance of
56 is the Fermi temperature of
noninteracting equal mixture with the same total atom
number The rise in the drop in and the onset of
 I
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FIG. (color online). Characterization of the shell structure.
(a) Reconstructed 3D radial profiles at 834 (b) Radius of
the majority component (black circles), peak position of the
density difference (red circles), and radius of the empty core
(blue triangles) as function of population imbalance
was determined from the profiles’ wings using zero-
temperature TF distribution. The solid line indicates the TF
radius of the majority component in an ideal noninteracting
case. at (open circle) was measured from an image
taken with probe frequency preferentially tuned to one com-
ponent. is defined as the position of the half-peak alue in the
empty core region for (c) isibility of the core region is
defined as or lo
is small, and small fluctuations of around zero lead
to large fluctuations in
FIG. Emergence of phase separation in an imbalanced Fermi
gas. The temperature of the cloud was controlled by arying the
final alue of the trap depth in the aporation process.
Phase-contrast images were taken after adiabatically ramping
the trap depth up to 192 Hz). The whole
aporation and imaging process was performed at 834
10 56%). The field of vie for each image is
160 940 The vertical and the horizontal scale of the
images differ by factor of 1.5
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FIG. (color online). Phase separation in strongly interact-
ing Fermi gas. Normalized central density difference (black
circles) and condensate fraction (red triangles) as functions of
imbalance for arious interaction strengths at our lowest
temperatures 06 ). =n where was mea-
sured as the average over the central region of 40
in cut of the 3D distribution [Fig. 3(c) and
1012 cm is the calculated central density of fully polarized
Fermi gas with 10 The condensate fraction was
determined from the minority component (see the text). The
solid line is for the condensate fraction to threshold
function The critical imbalances indicated
by the vertical dashed lines were 96% (exponent 21), 77%
), and 51% for 780 834 and
884 respecti ely
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ment in high aspect ratio trapping potential, may explain
these ob ervations. Gradient terms in the Gross-Pitaevskii
equation can lead to LDA-violating deformations on the
BEC side of resonance, ut the magnitude of the calculated
effect is much smaller than we observ at unitarity [21]. De
Silv and Mueller have shown that surface tension between
the normal and superfluid phases can result in deformations
of the minority component that are quite similar to those
observed here [22]. quantify this, we hav de eloped
theory for the density profiles in the gas th t allows for
deformed local chemical potential that is consistent with
the macroscopic deformation of the minority density pro-
files. The results of this calculation, the details of which
will be published elsewhere, are shown in Fig. 3(a) and
compare fa orably with experi e t. ithin t e limitations
of our calculation, we find no vidence for deformed
Fermi surface [23] in the xperimental data.
had p eviously found that phase separation occurred
only for where [2]. or the
observations were consistent with non-phase-separat
polarized superfluid. The present data, howe er xhibit
ph se separation for arbitrarily small Since the previous
work, e hav improved the efficiency of the aporation
trajectory and no obtain fitted temperatures that are
about half of those previously attained. This temperature-
dependent behavior is consistent with phase boundary
between phase-separated regime and polarized super-
fluid (Sarma or breached-pair phase [24 26]) at nonzero
temperature. Such phase boundary has recently been
discussed in the context of tricritical point in the phase
diagram [10,27 29]. test this hypothesis, we deliber-
ately produced higher temperatures by stopping the apo-
ration trajectory at higher trap depth ), resulting
in Figure 4(b) shows that the central densities
in this case remain equal until critical polarization of
is reached.
Figure shows absorption images prepared at both the
lower and higher temperatures. It is readily apparent from
the images that the density distributions of the two com-
ponents of the higher temperature gas sho no deforma-
tions, in contrast to those of the colder case. find that at
higher temperatures, the aspect ratios of the minority and
majority components remain equal and constant for all
This lack of deformation is also vident in the axial density
distributions, where in the case of the colder data, the axial
difference distribution [Fig. 5(b)] shows the characteristic
double-peaked structure observed previously [2], while
that of the warmer cloud [Fig. 5(d)] xhibits the flat-topped
distribution reported in Ref. [15] and xpected for paired
core with no deformation [13,14]. The phase boundary is
also much sharper for the low-temperature data. In sum-
mary the higher temperature data support the suggestion of
temperature-dependent transition between low-
temperature phase-separated state and higher tempera-
ture polarized superfluid [28,29].
hav reported that pairing with unequal spin popu-
lations leads to real-space deformations in highly elon-
FIG. (color). Column-density profile and 3D density recon-
struction. The black lines correspond to state the red to state
and the green to their difference, for 35 and
175 10 The circles are the result of our theory (see text).
(a) Center-line axial cut of the column densities.
(b) Center-line axial cut of the reconstructed 3D densities. The
signal to noise of (b) was improved by reflecting and averaging
the column-density images about both the and the
planes b fore reconstruction. The densities in (b) are slightly
diminished due to probe-induced radial broadening.
FIG. (color). Ratio of the central densities vs polarization.
(a) 05 corresponding to the data shown in Fig. 2;
(b) with average 500 10 The dotted lines
correspond to $% ') the expected central density
ratio for harmonically confined, noninteracting gas at
The increase in =n in (a) for may be
explained by higher temperatures for these data that arise from
inefficiencies in aporative cooling at very high
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FIG. 3: Fit the measured spin polarization profile to Eq. (5)
and Eq. (6). The green line in (A) and the black line in (B) are
the data of the Rice[3] and MIT[2] group, respectively. The
black line in (A) and the purple line in (B) are our best fits.
The fitting parameters for (A) are r0 = 240µm, ξ = 80µm,
n0 = 2.97 × 10
11cm−3 and R = 800µm. The fitting parame-
ters for the left and right panels of (B) are r0 = 27µm, ξ =
23µm, n0 = 2.058 × 10
12cm−3 R = 70µm, and r0 = 16µm,
ξ = 35µm, n0 = 2.645 × 10
12cm−3, R = 73µm, respectively.
In writing down the first line of Eq. (6) we have assumed
the temperature is sufficiently low and the trapping po-
tential is harmonic. For the second line of Eq. (6) we
have taken into account the universality of the pairing
gap near Feshbach resonance[10].
An appealing feature of Eq. (5) is that the microscopic
information bout the interface (and temperatur ) en-
ters through a single parameter ξ(tˆ). In Fig.(2) we plot
Eq. (5) and Eq. (6) for typical values of parameters.
For r0 ≫ ξ, the density difference at the center of the
cloud is exponentially small which reveals an equal den-
sity core. For small ξ (green line), one can have rather
narrow intermediate partially polarized regime (like the
Rice group’s result). Wider partially polarized regime
(like the MIT group’s result) can be obtained when ξ is
given a larger value (blue line). When ξ increases toward
r0, h nce th in erface fluctua ion becomes more severe,
even the center of the core can become visibly partially
pola ized. Meanwhile the pairing gap ∆0 remains finite
similar to the r sult of Ref.[4] Clearly in this theory the
partially polarized region is caused by the interface fluc-
tuation rather than a PP normal phase with a vanishing
(or smaller) pairing gap.
In Fig.(3) we fit the polarization profile measured
by both the MIT and Rice group to the first line of
Eq. (5) and Eq. (6). These fits are excellent! Recently a
new scheme of tomographic rf spectroscopy invented in
MIT[11] gives the promise of measuring the spatial pro-
file of pairing gap ∆(r), which can be used to test the
second line of Eq.(5). For the same sample, if one mea-
sures both δn(r) and ∆( ), and provided that both δn(r)
and ∆(r) can be well fit by Eq. (5), one can extract the
values of r0 and ξ by fitting these two spatial profiles
to these two functions. A falsifiable predication of our
phenomenological theory is that the values of r0 and ξ
extracted from these two spatial profiles, δn(r) and ∆(r),
shall be the same. This is because in both case it is the
same interface fluctuation that gives rise to the smooth
spatial profiles.
Now we fill in the details of how to obtain Eq. (5) from
the model defined in Eq. (2) a d Eq. (3). We will first
consider the effects of quantum fluctuation at T = 0.
Later we shall generalize the result to finite temperature.
Substituting Eq. (4) into Eq. (2) and use the orthonor-
mal relation between different normal modes∫
S
√
gφgzdφdzuα(z, φ)uβ(z, φ) = δα,β (7)
we obtain
L = m
2
∑
α
′ [
A˙2α − ω2αA2α
]
. (8)
Eq. (8) describes a set of independent harmonic oscilla-
tors. The corresponding Hamiltonian is given by
H =
∑
α
′
[
1
2m
Π2α +
mω2α
2
A2α
]
, (9)
where Πα and Aβ obey the following commutation rela-
tion [Aβ ,Πα] = i~δαβ. The ground state wavefunction of
Eq. (9) is given by
Ψ [{Aα}] =
∏
α
′ (mωα
~π
)1/4
Exp
[
−mωα
2~
A2α
]
, (10)
where
∏′
excludes the breathing mode from the product.
Here we explain why some directions (tˆ in Eq. (5) and
Eq. (6)) are special. For a generic point on the surface
specified in Eq. (1), the direction of surface normal does
not agree with the vector connecting the center to the
point in question. There are special points on the surface,
for which these two directions agree. For the surface
described by Eq. (1) these special directions are ±zˆ and
rˆ around the equator at z = 0. Let (z0, φ0) be such a
special point,
u(z0, φ0) =
∑
α
′
Aαuα(z0, φ0). (11)
4Let us first calculate the probability density for the in-
terface to move by amount η
P (η) =
∫ ∏
α
′
dAαδ(η − u(z0, φ0))|Ψ[{Aα}]|2 (12)
By substituting Eq. (11) for u(z0, φ0), and making use of
the identity that
δ(η − u(z0, φ0)) =
∫
dλ
2π
e−iλ[η−u(z0,φ0)], (13)
one can then integrate out each Aα separately and yield
P (η) =
∫ ∞
−∞
dλ
2π
e−iληe−
λ
2
4
P
α
′
mωαu
2
α
(z0,φ0)/~
=
1√
πξ2
e−η
2/ξ2 . (14)
In the above
ξ2 =
m
~
∑
α
′
ωαu
2
α(z0, φ0). (15)
For a point r away from the center of the superfluid core,
along the vector connecting the center to (z0, φ0) on the
interface, we can calculate the probability W (r) for it to
be in the polarized fermi gas region:
W (r) =
∫ r−r0
−∞
P (r′)dr′ =
1
2
[
1 + Erf
(
r − r0
ξ
)]
, (16)
Therefore the averaged spin polarization is W (r)np(r)
and the average pairing gap is (1−W (r))∆s(r), i.e. the
results of Eq. (5).
Now we consider non-zero temperature. In that case
we replace Eq. (12) by
P (η) =
〈
δ(η −
∑
α
′
Aαuα(z0, φ0))
〉
, (17)
where < ... > denotes the quantum statistical mechani-
cal average. A convenient way to calculate the average of
Eq. (17) is to perform Feynman’s path integral in imag-
inary time. Let Aα(τ) be the Feynman path of each
harmonic oscillator in Eq. (9), we have
P (η) =
∫ ∏
α
′DAα(τ) δ(η −
∑
α
′Aα(0)uα(z0, φ0))e
−S
Z .(18)
Here Z is the partition function, and the action S is given
by
S =
m
2
∫ β
0
dτ
∑
α
′
[A˙α(τ)
2 + ω2αAα(τ)
2]. (19)
After using Eq. (13) to represent the delta function, we
are left with a quadratic path integral which can be per-
formed exactly to give
P (η) =
√
1
ξ˜2π
e−η
2/ξ˜2 , (20)
where
ξ˜2 =
2β
m
∑
α
′∑
n
u2α(z0, α0)
(ω2n + ω
2
α)
, (21)
and ωn is the bosonic Matsubara frequency. As P (η) has
the same form as Eq.(14), W (r) will also have the same
form as Eq.(12) which leads to the same function form
of Eq. (5).
In conclusion, we have demonstrated that even if there
is no true PP phase in bulk, a PP regime can emerge
from the quantum and/or thermal fluctuation of the in-
terface. The width of PP regime depends on the strength
of the surface fluctuation, and sufficient strong fluctua-
tion can even lead to disappearance of the equal density
core, with the pairing gap remaining finite. Though the
microscopic description of interface fluctuation remains
to be explored, we have shown that, as long as the theory
for surface motion is quadratic, there is a universal func-
tion form for spin polarization and pairing gap, which
can be compared with existing experiments and tested
by future experiments as a justification of this scenario.
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